Eikonal and transport equations
Wave equation for U (x, z, ω),
U (x, z, ω) = −δ(x − x s )δ(z − z s ), Ω = {(x, z) : x min ≤ x ≤ x max , 0 ≤ z ≤ z max }, where ω frequency, v(z, x) velocity, and (z s , x s ) a source point. where τ 0 (x) and ξ(x) are given complex smooth functions satisfying the compatibility conditions.
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Eikonal eqns: initial condition
Construct a τ in a neighborhood of the source:
Let the central ray of a beam be given by x = X(z), travel time by τ = T (z), and the Hamiltonian
). Ray tracing system:
Gaussian beam theory (2)
Dynamic ray tracing (DRT) system, where
, and > 0,
Traveltime near a central ray
Gaussian beam theory implies that Im(BC −1 ) remains positive if it is positive initially, i.e. if is positive. (Leung-Qian-Burridge'06).
Let the angle the central ray of a beam makes with the z-direction at z be the arrival angle Θ(z; x s , θ s ), and let
Lagrangian systems
The ray tracing system, the DRT system, and amplitude nonzero everywhere (L-Q-B'06)
Lagrangian GB summation
The wavefield due to one Gaussian beam parameterized with initial take-off angle θ s is
where
The wavefield generated by a point source at x s ,
Paraxial Liouville equations 06) . Introduce a function,
such that, for any
gives the location of the reduced bicharacteristic strip (X(z), Θ(z)) emanating from the source x s with takeoff angles −θ max ≤ θ s ≤ θ max .
Differentiate with respect to z to obtain
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Level sets (1)
For a fixed x s ∈ [x min , x max ], the location where
which states that the initial takeoff angle varies from −θ max to θ max at the source location x s . Evolving level set equations will transport source locations ("tag") to any z according to the vector fields u and w.
Given z ∈ [0, z max ] and x s ∈ [x min , x max ], the set Γ(z; x s ) is a curve in Ω p , which defines an implicit function between X and Θ.
When z = 0, Γ(0; x s ) is a vertical line in Ω p , indicating that the rays with takeoff angles from −θ max to θ max emanate from the source location x s .
When z = 0, Γ(z; x s ) being a curve indicates that for some X = x * there are more than one Θ = θ * a such that φ(z, x * , θ * a ) = x s , implying that more than one rays emanating from the source x s reach the physical location (z, x * ) with different arrival angles θ * a . 
Multivaluedness: illustration
Takeoff angles, traveltimes
To sum Gaussian beams, parametrize Γ(z; x s ) with takeoff angles: transport the initial takeoff angle, ψ,
For each point (x * , θ * ) ∈ Γ(z; x s ), the unique takeoff angle is ψ(z, x * , θ * ).
The traveltime for those multiple rays:
Liouville for B and C B and C satisfy 
The Eulerian amplitude is
A(z, x, θ) = C(0)v(z, x) cos ψ(z, x, θ) v(z s , x s )C(z, x, θ) cos θ .
